The following is a review of the Debt Investments: Analysis and Valuation principles designed to address the learning outcome

statements set forth by CFA Institute. This topic is also covered in:

INTRODUCTION TO THE MEASUREMENT OF

INTEREST RATE RISK

Study Session 16

ExAM FocCus

This topic review is all about the relation of yield
changes and bond price changes, primarily based on
the concepts of duration and convexity. There is really

two important formulas: the formula for effective
duration and the formula for esti~ ... o the price
effect of a yield change based ~ . both duration and

nothing in this study session that can be safely
ignored; the calculation of duration, the use of
duration, and the limitations of duration as a measure
of bond price risk are all important. You should work
to understand what convexity is and its relation to the
interest rate risk of fixed income securities. There are

convexity. Finally, you shoula  t comfc-table with
how and why the convexity of a »nd ic Tected by
the presence of mbedded option Tne LUS about
the effect or put option on he price-y Id
relatior<hip is ne  ‘his year.

LOS 1.C.a: Distinguish between the full va . ‘*ion appr -h (the scenario  .1ysis approach) and the
duration/convexity approach for measuring ir. rest rate . k&, and explai.: the advantage of using the
full valuation approach.

The full valuation or scenario an:'ys. ~oroack to me 'ring ir.crest rate risk is based on applying the

we have learnc 1 for . “ven ‘hange. lie yield curve (i.e., for a given interest rate scenario).
bond this co ld be si.  ; “if tiie YTM increases by 50 bp or 100 bp what is the impact

on - value of th¢ bon. * More com, 'icated scc. arios can be used as well, such as the effect on the bond value
.t a steepening of 11e yie . rve wherc 'ong term rates increase more than short term rates. If our valuation
model is good, the _crciseis  ightf-.ward: plug in the rates described in the interest rate scenario(s) and see

“ar happens to the values of th  vonds. If the valuation model used is sufficiently good, this is the theoretically
pie. -oach. \pplied to a portfolio of bonds, one bond at a time, we can get a very good idea of how
different cha. crest rates will affect the value of the portfolio.

valuation techniq
For a single optio1 -1.

s In

The duratior convexity approach provides an approximation of the actual interest rate sensitivity of a bond or
bond | _.uolio. Its main advantage is its simplicity compared to the full valuation approach. The full valuation
approach can get quite complex and time consuming for a portfolio of more than a few bonds, especially if some
of the bonds have more complex structures, such as call provisions. As we will see shortly, limiting our scenarios
to parallel yield curve shifts and “settling” for an estimate of interest rate risk allows us to use the summary
measures, duration and convexity. This greatly simplifies the process of estimating the value impact of overall
changes in yield. Compared to the duration/convexity approach, the full valuation approach is more precise and
can be used to evaluate the price effects of more complex interest rate scenarios than the duration-convexity
approach, which strictly speaking is appropriate only for estimating the effects of parallel yield curve shifts.

LOS 1.C.b: Compute the interest rate risk exposure of a bond position or of a bond portfolio, given
a change in interest rates.

In Figure 1, the full valuation approach is illustrated for Bond X, for Bond Y, and for a portfolio containing
positions in both Bond X and Bond Y.

Consider two option-free bonds. Bond X is an 8 percent annual-pay bond with 5 years to maturity, priced at
108.4247 to yield 6 percent. (N =5; PMT = 8.00; FV = 100; I/Y = 6.00%; CPT — PV =-108.4247).
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Bond Y is a 5 percent annual-pay bond with 15 years to maturity, priced at 81.7842 to yield 7 percent.

Assume a $10 million face-value position in each bond and two scenarios. The first scenario is a parallel shift in
the yield curve of +50 basis points and the second scenario is a parallel shift of +100 basis points. Note that the
bond price of 108.4247 is the price per $100 of par value. With $10 million of par value bonds, the market value
will be $10.84247 million.

Figure 1:
Market Value of:
Scenario Yield A Bond X Bond Y Portfolio Portfolio
(in millions) (in millions) Value A%
Current +0 bp $10.84247 $8.17842 $19.02089 0.00% |
1 +50 bp $10.62335 $7.79322 $18.41657 -3.18% |
2 +100 bp $10.41002 $7.43216 $17.84218 -6.20% ]

N=5PMT=8;FV=100; I/Y=6% + 0.5%; CPT > " =-106.. 35

N =5PMT =8; FV =100; I/'Y = 6% + 1%; CPT > PV: 104.10(
N=15PMT=5FVv=100;I/Y=7% +0.5% PT —>PV -77.€,22
N=15PMT=5FV=100; I/Y=7% +1%; (. "—>PV=, 3216

Portfolio value change 50 bp: (18.41657 — 19.0: 0c  / 19.020¢ =-0.03177 = -3.18%
Portfolio value change 100 br- 7.84218 — 19.( 20t / 19.020¢  =-0.06197 = -6.20%

It’s worth noting that, on an individu.' be " basis, t 1e effe
for Bond X than for I 1Y (i.e., with. 50 b, -reiseinyic , the value of Bond X falls by 2.02 percent while
the value of Bond Y fc Is  4.71 percenu and wi. 100 bp increase, X falls by 3.99 percent while Y drops by
9.12 pe= ~t). This, o1 cous s totally p. ‘dictable s.nce Bond Y is a longer-term bond and has a lower

cou on—boch of whic me- re interes +ar~ risk.

of an ir.crease in yield on the bonds’ values is less

Pro, ~ar’s Note: Lets rev 2w the effec. , bond characteristics on duration (price sensitivity). Holding other
charac. came, . ¢ can state:

*  Higher (lower, ouwr.n means lower (higher) duration.
o Lonzer (shortr ) maturity means higher (lower) duration.
*  Highe. ~_wer) market yield means lower (higher) duration.

Finance professors love to test these relations. (See Exam Flashbacks #1—#3.)

LOS 1.C.c: Demonstrate the price volatility characteristics for option-free bonds when interest rates
change (including the concept of “positive convexity”).

We established earlier that the relation between price and yield for a straight coupon bond is negative. An
increase in yield (discount rate) leads to a decrease in the value of a bond. The precise nature of this relationship
for an option-free, 8 percent, 20-year bond is illustrated in Figure 2.
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Figure 2: Price-Yield Curve for an Option-Free, 8%, 20-Year Bond

For an option-free bond
the price-yield curve is
convex toward the origin.

Price falls at a decreasing
rate as yields increase.

7% 8% 9%

N

First, note that the price yield relationship is nes~ ively slop ', so the rice falls  the yield ses. Second, note
that the relation follows a curve, not a straight | Since the  wrve 's convex (tov 1t _ origin) we say that an
option-free bond has positive convexity. Becausc ¢ -onvexity, - price of an opti’ ..-free bond increases more
when yields fall than it decreases vhen yields rise. 11 1re 2 we ki = illustrated that, for an 8 percent, 20-year
option-free bond, a 1 percen. u«  ~sein the YT i w increase t. orice to 110.67, a 10.67 percent increase in
price. A 1 percent increase in YI. 1. ' cause th bonc lue to d' _iease to 90.79, a 9.22 percent decrease in
value.

If the price-yield 1 la..  were a strai_ht line, .. e would be no difference between the price increase and the
pricc u cline in resonse  =qual decr. 'ses and increases in yields. Convexity is a good thing for a bond owner;
cor a given volatilit - of  ielc.  ~rice inc  .es are larger than price decreases. The convexity property is often
xpressed by saying “a bond’s} - “uls at a decreasing rate as yields rise.” For the price-yield relationship to be
N "~ slope (r e of decre.se) of the curve must be decreasing as we move from left to right (i.e., towards
higher yicic

Note that the .uration (interest rate sensitivity) of a bond at any yield is the (absolute value of) the slope of the
price “eld “inction at that yield. The convexity of the price yield relation for an option-free bond can help you
remember a result presented earlier, that the duration of a bond is less at higher market yields. (See Exam

Flashback #4.)

LOS 1.C.d: Demonstrate the price volatility characteristics of callable bonds and prepayable
securities when interest rates change (including the concept of “negative convexity”).

With a callable or prepayable debt, the upside price appreciation in response to decreasing yields is limited
(sometimes called price compression). Consider the case of a bond that is currently callable at 102. The fact that
the issuer can call the bond at any time for $1,020 per $1,000 of face value puts an effective upper limit on the
value of the bond. As Figure 3 illustrates, as yields fall and the price approaches $1,020, the price-yield curve
rises more slowly than that of an identical but noncallable bond. When the price begins to rise at a decreasing rate
in response to further decreases in yield, the price yield curve “bends over” to the left and exhibits negative
convexity.

Thus, in Figure 3, so long as yields remain below level y', callable bonds will exhibit negative convexity; however, at
yields above level y', those same callable bonds will exhibit positive convexiry. In other words, at higher yields the
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value of the call options becomes very small so that a callable bond will act very much like a noncallable bond. It
is only at lower yields that the callable bond will exhibit negative convexity.

Figure 3: Price-Yield Function of a Callable Bond

call option

!

callable bond

Negative Convexity y Positive Convex

In terms of price sensitivity to inter - rate changes, he. oe of the, -e-yield curve at any particular yield tells
the story. Note that as yields fall, thc . ~e of the pr. ce-yic ' curve for .allable bond decreases, becoming
almost zero (flat) at very low yields. T. is . us how acall . rure aff_cts price sensitivity to changes in yield. At
higher yields, the intc ~ « rate risk of a allab.  ~nd svery « . oridentical to that of a similar option-free
bond. At lower yields, ti.  rice volatility of the c. ~ le boud will be much lower than that of an identical but
noncall~' "~ bond.

Th effect of a prepayn - .. optio.  quite ..nilar to that of a call; at low yields it will lead to negative convexity
anc ~duce the price vo 1tility (intex . rate risk) of the security. Note that when yields are low and callable and
prepa, “ries exl bit less interest rate risk, reinvestment risk rises. At lower yields the probability of a call
and the prepaym  t ratc »~:h rise, increasing the risk of having to reinvest principal repayments at the lower
rates.

LOS 1.C.  rescribe the price volatility characteristics of putable bonds.

The value of a put increases at higher yields and decreases at lower yields opposite to the value of a call option.
Compared to an option-free bond, a putable bond will have /ess price volatility at higher yields. This comparison
is illustrated in Figure 4.
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Figure 4: Comparing the Price-Yield Curves for Option-Free and Putable Bonds

/ % putable bond

option-free bond

In Figure 4, the price of the putable bond falls 1 te slowly 1 -espor ¢ to increas in yie! > above y' because the
value of the embedded put rises at higher yields. e slope of = price-yield relatn s flatter, indicating less
price sensitivity to yield changes (lower duratior 1 the putab. “ond at higher yields. At yields below y', the
value of the put is quite small 'a putable bor s | ‘ce acts lik  hat of an option-free bond in response to

yield changes.

LOS 1.C.f: Con ~te the effect1 € du. "on »fabo. , given information about how the bond’s price
will increase anc «  -ease for giv n chan, in interest rates.

. our n.troductio. to th  ncept of ¢ ration, we described it as the ratio of the percentage change in price to

change in yield. Nc -~ nat we  derstar & convexity, we know that the price change in response to rising rates is
naller than the pri e change in  ,ponse to falling rates for option-free bonds. The formula we will use for

Ca- e effec ive duration of a bond uses the average of the price changes in response to equal increases

and decrease. 1yiel = account for this fact. If we have a callable bond that is trading in the area of negative

convexity, the ric. increase is smaller than the price decrease, but using the average still makes sense.

The t.  .ia for calculating the effective duration of a bond is:

(bond price when yields fall — bond price when yields rise)

which we will sometimes write as

effective duration =
2 x (initial price) x (change in yield in decimal form)

V.-V,

duration = ————
2V (Ay)

where:

V_ = bond value if the yield decreases by Ay

V, = bond value if the yield increases by Ay

V, = initial bond price

Ay = change yield used to get V_and V., expressed in decimal form

Consider the following example of this calculation.
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Example: Calculating effective duration

Consider a 20-year, semiannual-pay bond with an 8 percent coupon that is currently priced at $908.00 to
yield 9 percent. If the yield declines by 50 basis points (to 8.5 percent), the price will increase to $952.30,
and if the yield increases by 50 basis points (to 9.5 percent), the price will decline to $866.80. Based on these
price and yield changes, calculate the effective duration of this bond.

Answer:

Let’s approach this intuitively to gain a better understanding of the formula. We begin by computing the
average of the percentage change in the bond’s price for the yield increase and the percentage chane  in price
for a yield decrease. We can calculate this as:

2.30-866.80
average percentage price change = (95 5 ) =0.0471%, or 4.71%
2x%x908.00

The “2” in the denominator is to obtain the average price change, and the = S in the denomina - is to
obtain this average change as a percentage of the current pric .

To get the duration (to scale our result for a 1 perce it chan  in yield :he fina, -=pis to div e .nis average
g p Y yield p : g
ercentage price change by the change in interes 1tes that c.  ed it. .1 the exam, the Vv’ .u change was 0.5
p gep ge by g 2 g
percent, which we need to write in decimal forn 0.005. Ou  stimate of the du  un is:

0.0471  4.71%

= =9.42=du 0
0.005 0.50%

Using the formul: |  -iously given, ve have

(¢ 3-866.8)

— -.416
2x96  1.00%

effective duratic 1 —

The uiees,  tion ¢ this result, as you should be convinced by now, is that a 1 percent change in yield
produces an a orox’ .ate change in the price of this bond of 9.42 percent. Note, however, that this estimate
of duration w' , based on a change in yield of 0.5 percent and will perform best for yield changes close to this
magy nde 11ad we used a yield change of 0.25 percent or 1 percent, we would have obtained a slightly
different estimate of effective duration.

This is an important concept and you are required to learn the formula for the calculation. To further help
you understand this formula and remember it, consider the following.

44.30

=4.879% . The price decrease in

The price increase in response to a 0.5% decrease in rates was

41.20

response to a 0.5% increase in rates was

= 4.537% . The average of the percentage price increase and

the percentage price decrease is 4.71 percent. Since we used a 0.5 percent change in yield to get the price
changes, we need to double this and get a 9.42 percent change in price for a 1 percent change in yield. The
duration is 9.42.
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LOS 1.C.g: Compute the approximate percentage price change for a bond, given the bond’s effective
duration and a specified change in yield.

This is the same LOS we had in the previous study session. Multiply duration times the change in yield to get the
magnitude of the price change and then change the sign to get the direction of the price change right (yield up,
price down).

percentage change in bond price = —duration x change in yield in percent
Example: Using Duration

What is the expected percentage price change for a bond with an effective duration of 9 ir _cspo. se to an
increase in yield of 30 basis points?

Answer:
-9 %x0.3% =-2.7%
We expect the bond’s price to decrease by 2.7 percentin .spon.  ~they. 1change. If the bo e _ priced
at $980, the new price is 980 x (1 — 0.027) = $952 . Dontma thisha it’s not.
(See Exam Flashback #5 and #6.)

LOS 1.C.h: Distinguish among modified d . ‘ion, effec e (or option-ad .sted) duration, and
Macaulay duration.

The formula we used to calculate «.  +ion based >n pr - changes _.csponse to equal increases and decreases in
YTM, duration= = _/ +) ,is the i rmu. ~ ref ‘ective \ ..on-adjusted) duration. This is the preferred
. Ay )

me2- e because it give. vood appro. imation o. interest rate sensitivity for both option-free bonds and bonds

vith emvedded opti ns.

facaulay duration san estima. .. a bond’s interest rate sensitivity based on the time, in years, until promised
Ca ‘arriv Since a 5-year zero coupon bond has only one cash flow five years from today, its Macaulay
duration is > "he ¢ 'rze in value in response to a 1 percent change in yield for a 5-year zero coupon bond is
approximately ) pr.cent. A 5-year coupon bond has some cash flows that arrive earlier than five years from today
(the ~oupons’, so its Macaulay duration is less than 5. This is consistent with what we learned earlier: the higher
the co _ ou, the less the price sensitivity (duration) of a bond.

Macaulay duration is the earliest measure of duration, and because it was based on the time, duration is often
stated as years. Because Macaulay duration is based on the expected cash flows for an option-free bond, it is not
an appropriate estimate of the price sensitivity of bonds with embedded options.

Modified duration is derived from Macaulay duration and offers a slight improvement over Macaulay duration
in that it takes the current YI'M into account. Like Macaulay duration, and for the same reasons, modified
duration is not an appropriate measure of interest rate sensitivity for bonds with embedded options. For option-
free bonds, however, effective duration (based on small changes in YT'M) and modified duration will be very
similar.

Professor’s Note: The LOS here do not require that you calculate either Macaulay duration or modified duration, only
effective duration. For your own understanding, however, note that the relation is:

Macaulay duration

1+ periodic market yield
YTM increases. Graphically, the slope of the price-yield curve is less steep at higher yields.

Modified duration = . This accounts for the fact we learned earlier that duration decreases as
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LOS 1.C.i: Explain why effective duration, rather than modified duration or Macaulay duration,
should be used to measure the interest rate risk for bonds with embedded options.

As noted earlier, in comparing the various duration measures, both Macaulay and modified duration are
calculated directly from the promised cash flows for a bond with no adjustment for any embedded options.
Effective duration is calculated from expected price changes in response to changes in yield that explicitly take
into account a bond’s option provisions (i.e., they are in the price-yield function used). (See Exam

Flashback #7.)

LOS 1.C.j: Describe why duration is best interpreted as a measure of a bond’s or portfolio’s
sensitivity to changes in interest rates.

We can interpret duration in three different ways.

First, duration is the slope of the price-yield curve at the bond’s current YTM. Mathematically, .  slor o the
price-yield curve is the first derivative of the price-yield curve with respect te  :ld.

A second interpretation of duration, as originally developed by Mac~-"~v. isaw hted average of th ime (in
years) until each cash flow will be received. The weights are the roportic  of the -al bond value that . cash
flow represents. The answer, again, comes in years.

A third interpretation of duration is the approximat  =rcentage . 'nge in price fora - _cnt change in yield.
This interpretation, price sensitivity in response to 2 c. n1ge in yiex is the preferred. .ud most intuitive,
interpretation of duration.

Professors Note: The fact that duration v.  “iginally ¢ leula, " and expr .ed in years has been a source of confusion
for many candidates ar ! finance studeny  Pro.  “oner. regular  ne-k of “longer duration securities.” This confusion
is the reason for this LC . The most straig tforwa. - crpreta* un of duration is the one that we have used up to this
point, “it is the approxi naw. — rcentage cha 7e in a be s price for a 1 percent change in YTM.” I have seen duration
expre-.ca in vears in CF 1 exan  estions; ju. ignore the years and use the number. I have also seen questions asking
wh her duration becom < ' .ger . horter ir _sponse to a change; longer means higher or more interest rate

sen “ivity. A duration o) 5.82 years .. . that for a 1 percent change in YT M, a bond’s value will change

appr. © 782 perce 1t. This is .oe best way to “interpret” duration.

LOS 1.C.k: Cor >ute cne duration of a portfolio, given the duration of the bonds comprising the
portfolio.

The concept of duration can also be applied to portfolios. In fact, one of the benefits of duration as a measure of
interest rate risk is that the duration of a portfolio is simply the weighted average of the durations of the
individual securities in the portfolio. Mathematically, the duration of a portfolio is:

portfolio duration = w;D; + w, D, + ... + WDy

where:

w; = market value of bond i divided by the market value of the portfolio
D; = the duration of bond i

N = the number of bonds in the portfolio

Example: Calculating portfolio duration

Suppose you have a two-security portfolio containing Bonds A and B. The market value of Bond A is $6,000,
and the market value of Bond B is $4,000. The duration of Bond A is 8.5, and the duration of Bond B is 4.0.
Calculate the duration of the portfolio.
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Answer:

First, find the weights of each bond. Since the market value of the portfolio is $10,000 = $6,000 + $4,000,
the weight of each security is:

weight in Bond A = M =60%
$10,000

weight in Bond B = $4,000 0%
$10,000

Using the formula for the duration of a portfolio, we get:
portfolio duration = (0.6 x 8.5) + (0.4 x 4.0) = 6.7
LOS 1.C.I: Explain the limitations of the portfolio duration me-._

The limitations of portfolio duration as a measure of interest - ... -itivity 'm from the fact . yield- inay
not change equally on all the bonds in the portfolio. Wi+"  portfoli “hatinc les bonds wih dit  nt

maturities, credit risks, and embedded options, the ¢ isno  sontos pecttha heyields ¢ individual bonds
will change by equal amounts when the yield cu  » changes.  an ev .mple, aste ning . the yield curve can
increase yields on long-term bonds and leave the | ld on shor  erm bonds uncha _a. It is for this reason that
we say that duration is a good measure of the sei si. ‘ty of port o value to parutlel changes in the yield curve.

LOS 1.C.m: Discuss the conv . ~ measure >fa  ad.

Convexity is a m¢ re of the curve ure ¢ " = p1 ce-yielc  .ve. The more curved the price-yield relation is, the
greater the convex ty  straignt line asa cou. ty of zcro. If the price-yield ‘curve’ were, in fact, a straight line,
the ~= ~vexity wou 1be 0. The reas n we care bout convexity is that the more curved the price-yield relation
*5, the worse our d ratior  ed estima s of bond price changes in response to changes in yield are.

< an example, con der again a.  percent, 20-year Treasury bond priced at $908 so that it has a yield to
L. "7 percer . We previously calculated the effective duration of this bond as 9.42. Figure 5 illustrates

the differenc  betw: n actual bond price changes and duration-based estimates of price changes at different yield
levels.
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Figure 5: Duration-Based Price Estimates vs. Actual Bond Prices

$1,000.00 Prices based on duration
$993.53 are underestimates of actual prices.

$908.00

$828.41
$822.47

Actual price-yield curve

Price estimates based
on a duration of 9.42

8% 9% 10%

Based on a value of 9.42 for duration, we would estir ite the px > chang .or 1% c1 ges in yic . (to 8% and
10%) as 1.0942 x 908 = $993.53 and (1 — 0.0942) ‘08 = $82. 7, rr.pectively. TL. -~ n+"_¢ estimates are
shown in Figure 5 along the straight line tangent to L ctual pric  -ield curve.

The actual price of the 8 percent .. ataYIM of pe. ntis, of cc  se, ar value ($1,000). Based on a YTM
of 10 percent, the actual price of the '« " is $828.4 , abo  $6 highe ..ian our duration based estimate of
$822.47. Note that pr'-e estimates bas d 0..  -ratior are les har the actual prices for both a 1 percent increase
and a 1 percent decre. " yield.

Figure © .. wstrates wh con. ‘tyis impo. ant and way estimates of price changes based solely on duration are
ina curate. If the price viel ".e.  ~n were ¢~ uight line (i.e., if convexity were zero), duration alone would

prc ide good estimates it bond p1.  ~h-uges for changes in yield of any magnitude. The greater the convexity,
the -~ +heerrorin rice estim»’ s based solely on duration. A method of incorporating convexity into our
estimates u:s v« vrice hanges in response to yield changes is the subject of the next LOS. (See Exam

Flashback #8.)

LOS 1. n: Feimate a bond’s percentage price change, given the bond’s duration and convexity
measure and a specified change in interest rates.

By combining duration and convexity we can obtain a more accurate estimate of the percentage change in price
of a bond, especially for relatively large changes in yield. The formula for estimating a bond’s percentage price
change based on its convexity and duration is:

percentage change in price = duration effect + convexity effect

= {[—duration X (Ay)] + |:convexity x (Ay)2 :|} X100

With Ay entered as a decimal, the “x 100” is necessary to get an answer in percent.
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Example: Estimating Price Changes with Duration and Convexity

Consider an 8 percent Treasury bond with a current price of $908 and a YTM of 9 percent. Calculate the
percentage change in price of both a 1 percent increase and a 1 percent decrease in YI'M based on a duration
of 9.42 and a convexity of 68.33.

Answer:

The duration effect, as we calculated earlier, is 9.42x0.01 = 0.0942 = 9.42%. The convexity effect is

68.33% (0.01)2 x 100 = 0.00683 x 100 = 0.683% . The total effect for a decrease in yield of 1 percent (from 9 percent
to 8 percent) is: 9.42% + 0.683% = +10.103% and the estimate of the new price of the bon” = 1.10103 x
908 = 999.74. This is much closer to the actual price of $1,000 than our estimate usine Lnly duration.

The total effect for an increase in yield of 1 percent (from 9 percent to 10 percent) is: =% 2% + 0. 83%
= —8.737% and the estimate of the bond price is (1 —0.08737)(908) = $228.67. Again, t1. is .uch -loser to
the actual price ($828.40) than the estimate based solely on duratir _

There are a few points worth noting here. First, the convexitv .., ~entis rays positive when navexi’, 1s

positive because(Ay)2 is always positive. This goes alorg . h theillt -ation1 Wigure 5, wl ‘ch <"_ows that the

duration-only based estimate of a bond’s price ¢! age suffer  fromI nganun -estimate _r the percentage

increase in the bond price when yields fell, and a  verestimat ¢tk . percentage d < 1n the bond price when
yields rose. Recall, that for a callable bond, conv » - can be nc rive at low yield . When convexity is negative,
the convexity adjustment to the 'uration-only b sec -timate of = percentage price change will be negative for
both yield increases and yiela de  <es.

Professor’s Note: D %erent dealers me. ' car.  *¢ the convex. = -asure differently. Often the measure is calculated in a
way that requires 1 livide the mea wre by . ' order . get the correct convexity adjustment. For exam purposes,
the formula weve s, ow.. -ve is the one ‘ou need . enow. However, you should also know that there can be some

7. riatie  in how di Yerent  lers calcul. < convexity. (See Exam Flashbacks #9 and #10.)

~OS 1.C.o: Diffe entiate be . modified convexity and effective convexity.

Eftecuve «.  =xity kes into account changes in cash flows due to embedded options, while modified convexity
does not. The iffer ..ce between modified convexity and effective convexity mirrors the difference between
modified durs 1on and effective duration. Recall that modified duration is calculated without any adjustment to
a bor e ~~-Ii flows for embedded options. Also recall that effective duration was appropriate for bonds with
embedded options because the inputs (prices) were calculated under the assumption that the cash flows could
vary at different yields because of the embedded options in the securities. Clearly, effective convexity is the
appropriate measure to use for bonds with embedded options, since it is based on bond values that incorporate
the effect of embedded options on the bond’s cash flows.

LOS 1.C.p: Compute the price value of a basis point (PVBP) and explain its relationship to duration.

The price value of a basis point (PVBP) is the dollar change in the price/value of a bond or a portfolio when the
yield changes by one basis point or 0.01 percent. Using duration, we can calculate the price value of a basis point
as:

duration x 0.0001 x bond value = price value of a basis point

The following example demonstrates this calculation.
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Example: Calculating the Price Value of a Basis Point
A bond has a market value of $100,000 and a duration of 9.42. What is the price value of a basis point?
Answer:

Using the duration formula, the percentage change in the bond’s price for a change in yield of 0.01 percent
is: 0.01%x9.42 =0.0942% . We can calculate 0.0942 percent of the original $100,000 portfolio value as

0.000942 x100,000 = $94.20 . If the bond’s yield increases (decreases) by 1 basis point, the value will fall (rise)
by $94.20. $94.20 is the (duration-based) price value of a basis point for this bond.

We could also directly calculate the price value of a basis point for this bond by increasing th- + ['M vy 0.01
percent (0.0001) and calculating the change in bond value. This would give us the PVR™ - an increase in
yield. This would be very close to our duration-based estimate because duration is a very g. ! estima = of
interest rate risk for small changes in yield. We can ignore the convexity adjuc:ment here bec. e i* .5 o1 very

small magnitude: (Ay)”> = (0.0001)* = 0.00000001, which is pretty smali 1. =d!

KEY CONCEPTS

10.

11.

12.

13.

The full valuation approach to measuring inte ¢t rate risk  volves .sing a pric ~ mod-" co value
individual bonds and can be used to find the impact 0. 1y scenario of inte . rate/yield curve
changes. Its advantages are its flexibility and p: :c. »n.

The duration/convexity appr- " is based on's mr -y measurc f interest rate risk and, while simpler to
use for a portfolio of bonds tha ~ full valuai ona; -oach,ist .etically correct only for parallel shifts
of the yield curve.

Callable bonds « " nrepayable sec rities "' hiselessi _.est rate risk (lower duration) at lower yields and

putable bonds w !l . = less interes rate risx  higher yields, compared to option-free bonds.

. a-free boncs hay  orice-yiela -elationship that is curved (convex toward the origin) and are,
therefore, said to xhit'. | ‘tive conn vi*;. Bond prices fall less rapidly in response to yield increases than
they rise in respo1 . to lowe. “-lds

“~llahle bonds ex. ibit negativ convexity at low yield levels; bond prices rise less rapidly in response to
Vitie es tha they fall in response to yield increases.
Effective du tion calculated as the ratio of the average percentage price change for equal increases and
vV -
de -reases ir yield to the change in yield, effective duration = _—VJF
2Vy (Ay)

Percentage change in bond price = —duration x change in yield in percent.

Macaulay duration and modified duration are based on a bond’s promised cash flows, while effective
duration takes into account the effect of embedded options on a bond’s cash flows.

Effective duration is appropriate for estimating price changes in bonds with embedded options in response
to yield changes; Macaulay and modified duration are not.

The most intuitive interpretation of duration is as the percentage change in a bond’s price for a 1 percent
change in yield.

The duration of a portfolio of bonds is equal to a weighted average of the individual bond durations, where
the weights are the proportions of total portfolio value in each bond position.

Portfolio duration is limited in that it gives the sensitivity of bond portfolio value to yield changes that are
equal for all bonds in the portfolio, an unlikely scenario for most portfolios.

Because of convexity, the duration measure is a poor approximation of price sensitivity for yield changes
that are not absolutely small. The convexity adjustment accounts for the curvature of the price-yield
relationship.
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Incorporating both duration and convexity we can estimate the percentage change in price in response to a
change in yield of (Ay) as: {[—duration X (Ay)] + [convexity X (Ay)2 }} x100.

Effective convexity considers expected changes in cash flows that may occur for bonds with embedded
options, while modified convexity does not.
PVBP measures the price impact, in dollars, of a 1 basis point change in yield on a bond or bond portfolio.
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EXAM FLASHBACKS

Required CFA Institute disclaimer: Due to CFA curriculum changes from year to year, published sample exam questions and
guideline answers prior to the current year may not reflect the current curriculum.

Exam Flashback # 1
Source: Question #102 from ‘98 sample exam.

Bond price volatility normally is:
A. lower for higher coupons.

B. lower for longer durations.

C. greater for shorter maturities.
D. none of the above.

Exam Flashback # 2
Source: Question #85 from ‘01—'03 sample exams

A fixed income manager wants to take advantage of a forecast decline in interest rates .t the next several m  hs. Which

of the following combinations of maturity and coupon rate would mosz /* *  -ultin th  argest increase in po  Hlio valr- ..
Maturity  Coupon Rate

A. 2015 10%

B. 2015 12%

C. 2030 10%

D. 2030 12%

Exam Flashback # 3
Source: Question #50 from 93 actual exan.

Philip Morris has issuec  ~ds that pay int. "est se. ~nu lly with . tollowing characteristics:
Coupon Yic d- Maturity N acurity fodified Duration
% 8y 15 ears 10 years
Ider .ty the uirection of hange adified du tion if the coupon of the bond were 4%, not 8%.
A. crease.
B. . -rease.
C. NL

D. Cannot be dev  1ined ith the information given.

Exam Flashback 4

Source: Qi +ior /7 from 91 actual exam.

Which one of the following is an incorrect statement concerning duration?

A. The higher the yield-to-maturity, the greater the duration.

B. The higher the coupon, the shorter the duration.

C. The difference in duration is small between 2 bonds each maturing in more than 15 years.
D. For a zero coupon bond, duration is the same, or very close to, the bond’s term-to-maturity.

Exam Flashback # 5
Source: Question #106 from 92, 96 actual exams, and 97, 98 sample exams

A 9-year bond has a yield-to-maturity of 10% and a modified duration of 6.54 years. If the market yield changes by 50 basis
points, the bond’s expected price change is:

A. 3.27%.

B. 3.66%.

C. 5.00%.

D. 6.54%.
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Exam Flashback # 6

Source: Question #48 from ‘91 actual exam.

An 8%, 15-year bond has a yield-to-maturity of 10% and a modified duration of 8.05 years. If the market yield changes by
25 basis points, how much of the change in the bond’s price will be due to duration?

A. 1.85%.

B. 2.01%.

C. 3.27%.

D. 6.44%.

Exam Flashback # 7
Source: Question #100 from 99, 00, 01, 02, 03 sample exams.

Interest rate sensitivity for bonds with embedded options is most accurately measured by:
A. Convexity.
B. Effective duration.

C. Modified duration.
D. Macaulay duration.

Exam Flashback # 8
Source: Question #66 from 90, 91 actual exams.

Positive convexity on a bond implies that:

A. the direction of change in yield is directly related > - changein ‘ce.

B. prices increase at a faster rate as - ‘elds drop, than 1ey crease asy. s rise.
C. price changes are the same for b 'ncreases and ecre. - in yields.

D. prices increase and decrease at a t. stc e than tk * chan, ‘n yield.

Exam Flashback

Source: Question #9, fro 94 actual exar,

1 6 percent coupon ond .. miannual - ons has a convexity of 60, sells for 80 percent of par, and is priced at a yield
‘o maturity (YITM) o s percent. . “e YTl increases to 9.5 percent, the predicted contribution to the percentage change in
‘~= due to convexit , would be:

1.35 %.
. 2.48 %.
. 735 %.

O0% >

Exam Flashback # 10

Source: Question #44 from 91 actual exam.

A certain agency bond has a duration of 8.73 years and a convexity of 61.33. This implies that:

A. if market yields increase significantly (e.g., rates increase by 250 basis points), the price of the bond will fall by less than
the amount indicated by duration alone.

B. if market yields increase significantly, the price of the bond will fall by more than the amount indicated by duration
alone.

C. if market yields decrease significantly (e.g., by 250 basis points), the price of the bond will increase by less than the
amount indicated by the convexity measure alone.

D. if market yields decrease significantly, the price of the bond will increase by less than the amount indicated by duration
alone.
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CONCEPT CHECKERS: INTRODUCTION TO THE MEASUREMENT OF INTEREST RATE RISK

1. Why is the price/yield profile of a callable bond less convex than that of an otherwise identical option-free
bond? The price:
A. increase is capped from above at or near the call price as the required yield decreases.
B. increase is capped from above at or near the call price as the required yield increases.
C. decrease is limited from below at or near the call price as the required yield decreases.
D. decrease is limited from below at or near the call price as the required yield increases.

2. You own $15 million face of the 4.65 percent semiannual-pay Portage Health Authority bonds. The bonds
have exactly 17 years to maturity and are currently priced to yield 4.39 percent. Using the full aiu. “ion
approach, the interest rate exposure (in percent of value) for this bond position given a 77 vasis point
increase in required yield is c/osest to:

A. -9.104%.
B. -9.031%.
C. -8.344%.
D. -8.283%.

3. You are estimating the interest rate risk of a 14 percen. sc ‘annual-} ~coupo vith 6 years o r .curity.
The bond is currently trading at par. Using a 25 "asis poin  hange i yield, thc “fective d- _ation of the
bond is closest to:

A. 0.389.
B. 0.397.
C. 3.889.
D. 3.970.

4. Suppose that the . 1 in Question 3 is ca.. "~ .t par r uay. Using a 25 basis point change in yield, the
bond’s effective d ra..  assuming t 1t its pric :annot exceed 100 is closest to:

Ao 72,
B. 1.998.

C. 19.72.

5. Suppose that ou d .ermine that the modified duration of a bond is 7.87. The percentage change in price

using duratic . for a yield decrease of 110 basis points is closest to:
A. - 5T .

B. -7.155%.
C. +7.155%.
D. +8.657%.
6. A bond has a convexity of 57.3. The convexity effect if the yield decreases by 110 basis points is closest to:
A. -1.673%.
B. -0.693%.
C. +0.693%.
D. +1.673%.
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Assume you're looking at a bond that has an effective duration of 10.5 and a convexity of 97.3. Using both
of these measures, the estimated percentage change in price for this bond, in response to a decline in yield of
200 basis points is closest to:

A. 22.95%.
B. 19.05%.
C. 17.11%.
D. 24.89%.

An analyst has determined that if market yields rise by 100 basis points, a certain high-grade corporate bond
will have a convexity effect of 1.75 percent. Further, she’s found that the total estimated percentage change
in price for this bond should be —13.35 percent. Given this information, it follows that the = d’s
percentage change in price due to duration is:

A. -15.10%.
B. -11.60%.
C. +15.10%.
D. +16.85%.

The total price volatility of a typical noncallable bond .. vc nd by:

A. adding the bond’s convexity effect to its effecti~  rration.

B. adding the bond’s negative convexity to i* modific duratios

C. subtracting the bond’s negative convex: from its p.  tive ¢ .avexity.

D. subtracting the bond’s modified duratic »  om its effc ‘ve duration, then .d any positive convexity.

The current price of a $1 ©  7-year 5.5 pe1 'ent.  miannual upon bond is $1,029.23 The bond’s PVBP is
closest to:

A. $5.93.
B. $0.60.
C. $0.05.
T $5.74.
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ANSWERS — EXAM FLASHBACKS

1. A
2. C
3. A
4. A
5. A
6. B
7. B
8. B
9. B
10. A

Volatility and duration carry the same meaning in this question. High coupon bonds exhibit lower volatility/
duration, holding other bond characteristics constant.

You are looking for the bond that has the longer maturity and the lower coupon. Hence, Bond C most likely has the
highest volatility level.

As the coupon declines, the interest rate sensitivity of the bond (duration) increases.
Because of convexity, duration is less for higher yields to maturity.

AP/P = (-)(MD)(Ay) = (-)(6.54)(£0.005) = £0.0327 or 3.27%

AP/P = (-)(MD)(Ay) = (-)(8.05)(+0.0025) = £0.0201 or 2.01%

Effective duration accounts for changes in the curvature of the price-yield fv- .ion that occur for . as with
embedded options. As yields fall, prices rise at a decreasing rate for bonds witi  mbedded call optior.  Neither
modified duration nor Macaulay duration would capture this impa~+ Convexi. neasures the rate of  nge in
duration and is not a primary measure of interest rate sensiti- _iy.

Convexity is a measure of the rate of change in du- .caon. Rec  that dur tonisan -ure of the »>pe of the price-
yield function. Hence, as rates fall, the slope rise - an increas. rate - .d asyields n  the <' _pe flattens out. Said
differently, as rates fall, prices rise at an increasir ; e and asra rise, prices fall at a . reasing rate.

)

(C)(Ay)2 =(60)(0.015)>=0" " =1.35%. Not tha. e decimal « nge in interest rates was used in this formula.

Duration overestimates the declin. in | = due tc an inci ¢ in int.rest rates. This is due to the fact that the price-
yield function ©  everywhere abo\ > the.  «du ationap  .imation.

ANSWER® - CONCEPT CH. “ERS: INTRC DUCTION "O THE MEASUREMENT OF INTEREST RATE RISK

1.

2.

A

C

As the required y »' “uecre.  onacal _ie bond, the rate of increase in the price of the bond begins to slow down

and eventually le <l off as it a, _cnes the call price, a characteristic known as “negative convexity.”
Irice w =103 192
4.65 4.39

N =34 T"/[T:'T:ZSZS; FV =100, I/Y:T:2.195%; CPT — PV =-103.092

Price after 75 basis point increase in interest rates = 94.490

N =34; PMT = % =2.325 FV =100; I/Y = % =2.57%; CPT — PV =-94.490

94.490-103.092 _

Interest rate exposure = ————————— = —8.344%
103.092
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3. D V_ =100.999

N =12 PMT = 2490 5 00, BV =100, 1/Y = % = 6.875%; CPT — PV =—100.999
V, =99.014
N =12 PMT = 2490 _ 5 00, BV 1005 1/Y = 1425 7125065 CPT = PV = —99.014
V, =100.000
Ay =0.0025

duration = Y=— Ve _100.999-99.014 _
2V, (Ay)  2(100)0.0025

4. A V_ =100.000

V, =99.014
V, =100.000
Ay =0.0025

-V 100. -99.u.
duration = * = 00.00%¢ 99.5 G

V, v)  2(100). 0025
5. D Est[AV_%] - ,.87x(  10%)=% ,>7%
6. U . Ctyeffc t=convexity x (Ay)> =[57.3(0.011)2}100:0.693%
7. O Total r .timated price change = (duration effect + convexity effect)

{[—10.5><(—0.02)]+[97.3><(—0.02)2J} x100 = 21.0% + 3.89% = 24.89%

8. A Total percentage change in price = duration effect + convexity effect. Thus:
—13.35 = duration effect +1.75 = duration effect = -15.10%

(Note the duration effect must be negative because yields are rising.)
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9. A Total percentage change in price = duration effect + convexity effect. Thus:
Total percentage change in price = effective duration + convexity effect
(Note that since this is a noncallable bond, you can use either effective or modified duration in the above equation.)

10. B PVBP = initial price — price if yield is changed by 1 bp. First, we need to calculate the yield so that we can calculate
the price of the bond with a 1 basis point change in yield. Using a financial calculator: PV = -1,029.23;
FV =1,000; PMT = 27.5 = (0.055 x 1,000) / 2; N =14 = 2 x 7 years; CPT — I/Y = 2.49998, multiplied by
2 =4.99995, or 5.00%. Next, compute the price of the bond at a yield of 5.00% + 0.01%, or 5.01%. Using the
calculator: FV = 1,000; PMT = 27.5; N = 14; I/Y = 2.505 (5.01 / 2); CPT — PV = $1,028.63. Finally,
PVBP = $1,029.23 — $1,028.63 = $0.60.
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